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by William A. Dussinger, Jr. 
ABSTRACT 
'The ·present study solves the transient thermal-elastic 
:pro:ble·m of heat conduction in composite hallo·,,; c 2rl:_::.:ic:-
a,ssemb.lies subject to a finite contact conductance. Tr.e 
thermal boundary conditions used in the study are those of 
the first kind. An analytical method is utilized .: ... ~ !.Or '-ne 
case :~n which the contact conductance is assumed constant, 
an·d a numerical method is used to solve a more general pro-
b .. le.tn involving a typical pressure-conductance relation . . ,;,,, 
The general features of the transient thermal and elas-
binations are presented as functions of asser:lb::..jr c~:_:~ . ....:.::-..~; ions 
and contact conductance. The results indicate t::1at: t:-:e 
stress level in the assembly are generally increased • ov 
.. 
t \,..e .. 
presence of the finite contact conductance, and that the mag-
nitude and location of high stress regions are significantly 
affected by low conductance values. 
General analytical temperature and stress solutions are 
~ire tabulated in dimensionless form for a range of asserrlJly 
size and conductance parameters. 
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NOMENCLATURE 
The sub and superscript, i, appearing in the following 
takes on the values land 2, corresponding to the inner and 




n , .. 
·.e·.1.. 









constant appearing in steady state solution, (4.9) 
inner radius of inner cylinder 
interface Biot number (hb/K
1
) 
constant appearing in steady state solution, (4.9) 
outer radius of inner cylinder prior to 




constant appearing in transient temperature solu-
tion, (4.ld) 
outer radius of outer cylinder 
constant appearing in transient temperature solu-
tion, (4.ld) 
modulus of elasticity in cylinder i 
constant appearing in transient temperature solu-
tion, (4.la) 
G0-•. {f3. r), Gl (S. r) 
. in in functions defined by (4.15b) 
h 
J_Q (a. r) in 
interface conductance 
convective fluid conductance at inner radius of 
assembly, a 
convective fluid conductance at outer radius of 
assembly, c 

































Tf .. a 
T 
· fc 
fi~st order Bessel function 
thermal conductivity in cylinder i 
number of radial grid points in outer cylinder 
• number of radial grid points in 
interface pressure 
1nr1er ....._ ~ '+ C '' ·: .... ~. a~e--· r 
.1 ..i.. ...... . 
externally applied pressure at inner radius of 
assembly 
externally applied pressure at outer radius of 
assembly 
heat flux into assembly at . radius in.ner 
heat flux into assembly at outer radius 
thermal contact resistance 
eigenfunctions; dependent • of tran-space portion sient solution ( 4. ld) 
radius 
th 
radial grid point • cylinder 1 
n in 
th 
radial grid point • cylinder 2 
m 
in 
radial grid point spacing in cylinder i 
nondimensional radial location, (r-a/c-a) 
uniform initial temperature for the assembly 
constant inner surface temperature for boundary 
conditions of 1st. kind 
constant outer surface temperature for boundary 
conditions of 1st. kind 
constant fluid temperature at inner surface for 
boundary condition of third kind 
constant fluid temperature at outer surface for 
boundary condition of third kind 
X 
•. 
T (i) T ( t) K, j ' i r' transient radial temperature in cylinder i 
t' t. ] 
t. 
:T:(r·, t) 















dimensionless time (a1t/a) 
nondirnensional temperature (T(r 1t)/{T -T )) a C 
thickness of outer cylinder, (c-b) 
thickness of inner cylinder, (b-a) 
thickness of the assembly, (c-a) 
radial displacement in cylinder i 
displacement at interface in clyinder i due to temperature gradients 
displacement at interface in cylinder i due to external pressure 
displacement at interface in cylinder i due to interference 
quasi orthogonal weighting factor, (4.11) 
w(r) orthogonal weighting function in cylindrical coordinates 
Y 0 {S. r) zero order Bessel function · in 
Y1 (S. r) first order Bessel function in 
f3' •. 
1 
.. (i,) E6 





(z1 ( 8. r) in functions defined by (4.13b) 
thermal diffusivity of cylinder i 
coefficient of thermal expans~on in cylinder i 
circumferential strain in cylinder i 
radial strain in cylinder i 
axial strain in cylinder i 




The present study solves the transient thermal-elastic 
problem of heat conduction in cornpos~te hollow "t, .. ~ c ,, 1 .1 r-, a e r 
·"" 
a.ssernblies subject to a finite contact corid~ctii:--.ce. 
·thermal boundary conditions used in the study are 
the first kind. An analytical method is utilized 
case in which the contact conductance is assu.med constant, 
and. a numerical method is used to solve a more general pro-
~· blern involving a typical pressure-conductance relation. 
The general features of the transient thermal and elas-
tic behaviors of various aluminum and steel <J.sse:z~-(l)::.,, corn-
... 
and contact conductance. The results indicate t::z1~ t:-:e 
stress level in the assembly are generally increased 
presence of the finite contact conductance, and that . .. _, .... c· "- .. . 
... ~e '-. l ,. 
::-~ag-
nitude and location of high stress regions are significantly 
affected by low conductance values. 
General analytical temperature and stress solutions are 
are tabulated in dimensionless form for a range of assembly 






.1.S a common observation that heat transfer across 
.. 
·two or more solid bodies in contact is characte ~.:.. zc:ci • a:--·. --- ,. a .,.; . 
... discontinuity in the temperature distribution at 
face. The magnitude of this discontinuity is propor~io~a: 
to the heat transferred across the interface, ......... ana '-r-,e cor.-
stant of prop~rtionality is defined to be the thermal con-
tact resistance, R .• 
i Mathematically, this phenomenon is 
described by the relation: 
~T. f inter ace = R.q. f 1 inter ace (1.1) 
.~ alternative description may be for1nulated in terms of a 
contact conductance, h, which is simply the inverse of the 
contact resistance. The equivalent expression is then: 
(l/h) qinterface 
~T. f inter ace (1. 2) -
The existence of the thermal contact resistance at the interface is due to the many asperities present on t~e s~r-
faces of contact. These asperities reduce the actual area 
of solid contact to a fraction of the apparent interface 
area. The remaining region consists of voids which may be 
evacuated, filled with a gas, liquid, or solid filler ma-
terial. Consequently, the heat flow across the interface 
is dependent upon conduction in the solid contQc~ regions, 
and some combination of conduction, convection and radiation 
-2-
• 
in the void regions. The net result is an energy transfer 
mechanism which is less efficie:1.t tr1an tr,ctt · .. .1:~ •. :.c:1 '..:ot~ld be 
provided by pure conduction across the 
area. This inefficiency causes the ' .... a,,. - • ~ o o serve a c.:.. :; ~= c:i :·. t. .:.. :-. u..:.. t y 
in the temperature distribution at the interface. 
It is apparent from these considerations that the mag-
nitude of the contact resistance de~ends on numerous fact.ors. 
. 
4 
·The material composition of the contacting bodies, the rough-
'.?less and waviness of the contact surface, and the nature of 
'the substance filling the interface voids are important for 
obvious reasons. The contact pressure, resulting from ex-
ternally applied forces, or internal therrr1al st.re::-;scs, . l.S 
also important because of the deformations it at 
the contact surface. In addition, the . , ""' - .. magnit~cc o: ~:1e 
average interface temperature may be . . , . "' .. ~ important at \re::1" 111.gn 
or low temperatures because of the nature of the fourth 
power radiation law. 
Considerable experimental research has been conducted 
to evaluate the effects of these parameters upon the contact 
resistance in various geometrical con:=igurations [1,2]. The 
results of these investigations indicate the contact resis-
tance depends primarily upon the materials ~ us Cc: I 
ness of the contacting surface, and the contact 
There is also substantial analytical work being -co:-. L.: 
diet values of thermal resistance using mathematical 
of the interface asperities (1,2). 
-3-
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Another area of investigation deals with 





. e .. _ ""ei- ... s 4.,j,..·-1-
s:yste_ms. C. J. Moore and H. A. Bl um [ 3, 4 , 5) have st.· .. ~\,~.:.\:. d, 
.experimentally and analytically, the transient tcmnc~ature ... 
response of composite slabs subjected to a contact resis-
tance at the interface. 
The subject of interest here is the elastic and ther-
tnal response of an axially concentric cyli:-.c3.cr assc:7.bly 
.~ubject to a radial heat flux, and a ther~~l co~~iict resis-
tance. The motivation for studying this partic:·1.~:.z1r- cor.::..(1-
uratioh is the numerous industrial applicatio:--~.::;; of 
cylinder assemblies. 
exchanger tube units. 
Examples are nuclear reactor a;:c~ :-.(_:~1.t. 
The successful design and .. " ana i. 'lS 1. s 
.,,;,, 
of composite assemblies requires accurate knowledge of their 
transient thermal performance and the associated therJnal 
stresses. These characteristics, in turn, can be signifi-
cantly affected by the presence of a . resis-
tance. Consequently, the evaluation of thcr~al resistance 
effects is of substantial importance in the design of com-




II. PROBLEM STATEMENT 
The problem treated here is that of determining the 
t:ransient temperature and stress distributions in a co:-:--.?O-
s·it.e assembly made of two axially concentric cylinders, 
subj:ect to an outward radial heat flux, and a finite inter-
face conductance. 
The complete solution to the problem consists of two 
parts: a thermal solution and an elastic solt:;.tion. These 
·two solutions cannot, in general, be det.e:r-:-:·1.i.:-.cc·: 
dently, because of the thermal-elastic coGp:.~~g 
t~rface. Hence, the most general formula ti c):-,l 
requires solving a set of coupled differential 





. . I-' I 
-
-, ... ~ ..... ~_ -_. , n L• \...... ''-••"--
.-, 
aooroor:..a-c.e ... .. ... 
thermal and elastic boundary conditions, and the proper 
functional description of the contact conductance. \'1i th 
current analytical met~ods this is a practical impossibility 
:and numerical methods must be employed to solve the rr.ost 
general problem. 
An analytical solution can be obtained if the problem 
is simplified by assuming that the contact 
independent of both the interface pressure and temnerat.ure . .. 
The first restriction decouples the thermal and elastic nor-
• tions of the problem, allowing the transient temperature 






state. Consequently, the transient stress distribution 
may be expressed, uniquely, . - ,• ' in ter~s or ~ne tcm:)erature ... 
solution. h d . . 'Ii 
.. 
... • 
.., d Te secon restriction, tne t:~cr~a~ 1~ce?en ence 
of the contact conductance, 
. ,-
. 
" -,.,,._ ... 
• 
... .-.... e·. 
"" . '
thermal equations at the interface, which, 
would preclude an analytical solution. 
l. ! prt2scr,t, 
These restrictions may be justified on the basis of 
experimental observations [6] indicating the effect o~ ~he 
interface temperature upon the contact conductance is s::-.a. l l 
for a range of temperatures commonly encou.ntered in engi-
neering practice, and that for very srnooth surf aces the 
conduction does not depend on the contact pressure. 
• . 
Furthermore, when the surface rougnr1ess l.S such that 
t::he contact pressure does enter the proble:i\, 
reasonable to believe that an analysis based on an average 
value of conductance would yield useful engineering ~cs~lts. 
This study makes the initial assumption that the tra.n-
sient thermal-stress behavior of the composite cylinder -
assembly may be approximated by a constant contact conduct-
ance, and proceeds to develop the corresponding analytical 
solution. This limitation is subesotictit.l,; relaxed to nu--· _... 
merically evaluate the system's response surJjcct: to a pres-
·sure dependent conductance. Experimental da::.a :or t:--:e 
·p.ressure-conductance relation in a steel cylir1der asse:-:~lJly 
as found in reference [ 7] is utilized in this 
-6-
~ 
. ana.1.vsis . 
... 
• 
In addition to the foregoing restrictions, the follow-
ing assumptions are made in the mathematical trcatrr.c;.t of 
th.e problem: 
- the temperature and stress distributions in the 
cylinders are axially symrnetric and are functions 
of the radius r, and time, t. 
-
the effect of end constraints on the stress 
"' - -aistri-
bution is negligible in the region of interest. 
the elastic behavior of the asse:nble is described 
by plane strain relations. 
- the-thermal and elastic material properties are 
constant. 
- the transient stress state is quasi-static; that 
is, stress inertia effects are neglected. 
- there is no heat storage at the interface. 
Subject to these limitations, the temperature distri-
bution must satisfy the basic Fourier law of heat conduc-





1 1 aTi (r,t) 
== - + r ar 
a2 T. (r,t) 
l 
, i=l,2 (2.1) 
where the subscript, i, denotes the inner and outer cylin-
ders, respectively, and a. is the therhlal 
)_ In 
addition to the heat conduction equation, the t~cr~a: boun-
dary conditions must be satisfied at the inner and outer 
-7-
.. 
radii of the assembly, which, for boundary conditions of 
the first kind are 
T 1 (a,t) = T a and T (c,t) = 2 
where a 
.. . . . ·.·· ' and c, are the inner and outer radii of 
bly, and T and T are the corresponding constant a C 
tures at these locations. 
(2.2a,b) 
. . 
... "~·e-'- .. ~ assern-
.... ,:::i. ~ ·-· e-'" .,,.- a -
'- - ••••. .J .... 
.. 
Assuming no heat storage at the interface (r = b), the 
thermal interface conditions to be satisfied for finite 




dT 1 (r,t) dT 2 (r,t) 
3r = K2 ar 
cl·T (r, t) 
l 
I r = b 
= h[T 2 (r,t) - T 1 (r,t)] 
( 2. 3a) 
I r = b (2. 3b) 
where K is the thermal conductivity, and his the contact 
conductance. 
Th€! initial conditions assumed for this analysis are 
T 1 (r,t) = T 2 (r,t) = T 0 , t = o ( 2. 4) 
The governing elastic relations are the well known 
.. 
equations of equilibrium, compatability, stress-strain, 
and strain-displacement. With the assQ~ptio~ of a quasi-
static stress state, constant material properties, a plane 
-a-
Strain stress state, and functional dependencies limited 
to the radius, r, the elastic equations are: 







a - a 
r e + 
r = O, 
a 2 e: (i) 
e 
ar 2 
£ (i) = 
r 













+ f3.T. , i=l,2 l. 1 
a e: 
+ B.T. = 0, i=l,2 
.l.. .l.. 
(Strain Displacement) (i) £ = 
au. 
l. i=l,2 r r ' 
' 
i=l,2 
i=l,2 ( 2. 5) 
( i) 
r 






( 2. Sb) 
where the subscript and bracketed superscript, i, denotes 
the • and outer cylinders respectively, and 
inner 
a 
- are 'v -r .t,s ... , •. the radial and tangential stress components, .. £ ana £ are 
"' r () the radial and tangential strain components, • the radial u is 
-9-
.. 
displacement, Eis Young's modulus, vis Poisson's ratio, 
Sis the coefficient of thermal expansion, and Tis 
erature. 
... r:: .. -~-
'- ',;; ..... ,, 
• 
The stress and displacement boundary conditions which 
mus·t be satisfied are: 
cr r ( 1 ) ( r , t) = -pi , r = a 
crr ( 2 ) (r, t) = -p 
O 
, r = c 
tJr (l) (r,t) = crr (2 ) (r,t) = -pf , r = b 
(1) 
ur (r ,t) ( 2) = ur (r, t) , r = b 
( 2. 9a) 
( 2. 9b) 
( 2. 9c) 
(2.9d) 
Whe~e pi and p 0 are the magnitudes of the externally .. . .... a':)nJ...:..ea 
...... 
pressures at the inner and outer radii of the 
pfis the magnitude of the interface pressure. Exnrcssio;;.s 
... 
(2.9a,b,c) result from equilibrium requirements at radii a, 
b, and c, respectively, and (2.9d) expresses the fact that 
the cylinders maintain contact at the interface. 
-10-
• III . ELASTIC SOLUTION 
The solutions to the elasticity problem defined by 
eq·uations ("2.5) thru (2.8) for various bour1dary conditions 
may be found in any basic elasticity textbook, such as ref-
erences [8] and [9]. The proble~ at hand is to adapt these 
classical solutions to the boundar,,r 
..... 
.... .. . . 
.... concit1.ons o:: (2.9). 
Th.is is accomplished by determini:-~g " 11: ,,... ... ... t..r1e rac:...a.i.. disolacernents ... 
oof e·ach cylinder separately subject to co:-ic:::._c::_c1::s (2.9.:1.,b,c) • 
arid ·subsequently applying the super·posi tion pr inci;_) :.c t.o 
s-atisfy (2. 9d) . 
... 
The radial displacement of a hollow cylinder subject 
to a radial temperature distribution, T, in the case of 






rTdr + C 1 + c /r r 2 (3.la) 
where ri is the inner raduis of the cylinder, C 1 and c 2 are 
constants determined from the boundary conditions. 
)subcript, T, on the displacement, u(r), signifies a 
ly induced displacement. For zero radial stress at 
ner and outer surfaces (the effects of oressures o o 
.. 
·i' ·o'· 
and pf are evaluated separately, using superposition), C 1 
and C2 are given by: 







c· l+v l-2v s rTdr Cl.lb) 
-
-l 1-v 
r 2 -r~ 




l+v C:. 1 s rTdr --. :2 1-v 
r 2 -r~ 
0 .l. r . 
(J.lc) 
l. 
where r 0 is the outer radius of the cylinder. Substituting 
these expressions into (3.la) and applying this rcs·,::t to 
both inner and outer cylinders in the present problem gives 
the disp·lacement at the interface: 
and 
UT {1) (b) = 
u <2 >(b) = T 
rT 1dr (3.2a) 
rT 2 dr (3.2b) 
The radial displacement of the inner cylinder at the 
interface due to the pressures pi and pf is determined from 












·The result • l..S: 
(1) 




2a 2 p. (1-v )-pf [a 2 +b 2 (l-2v ) J 
l.. 1 l 
(3 • .:a} 
where the subscript, p, denotes a displacement caused by 
externally applied pressures. 
obtained for the displacement of the o~tcr 







• at tr,e 
~ (2) {b) = 2 b 
pf[c 2 +b 2 (1-2v )]-2p c 2 (1-v) 
2 0 2 
(3.~b) 
If the initial fit of the cylinder assembly involves 
interference, these additional radial displacements for 
each cylinder must be considered. They are: 
(3.Sa) 
( 3. Sb) 
where the subscript, a, denotes displacement resulting from 
assembly, b 
l is the outer radius of the inner cvlinder orior 
.... . 
to assembly, and b 
2 
is the inner ... . racius 
der prior to assembly. The radius at the interface after 
assembly is b. 
By superposition, all the radial displacements at the 
interface may be added to satisfy (2.9d). 
-13- (3.6a) 
o.r 
•('.b --.b•) + •.• . :l 
l+\J 




rT dr l 
+ b 2 (1-2\J )]-2c 2 p (1-v) 2 0 2 + 
b 
o [c 2 .. (;: 
.. 
l+\J a r 2 28 b I rT 2 dr 2 b2 2 ) C -
b 
(3.6b) 
from which the interface pressure may be calculated: 
( 1 +v 1 ) (1-v ) l pf (b -b )+b -- l 2 El b2-a2 
l+v b l+v 
+ 
1 2S b rT dr -1 1 
2 
a 
2a 2 p. + b l. 
a 








{ l.-v } 
., 
2c 2 p "' -:2 .., C ~~ , 
-..,; 0 
l+\J 
l b [a 2 +b 2 (1-2v ) ] + 
1 
l+v 
2 b [c 2 +b 2 (1-2v ) ; 1 
2 ) 2 • 2 C -!) ( 3 .., . 
• I } 
Superposition may be applied once more to give the complete 
3 stress functions in terms of a t1!er~~1al corrroor.ent a.nd the 
previous pressure components, (3.3) 
CJ 
r 
(1) - SlEl 1 

























SlEl b r 1 r2+a2 I rT 1dr dr T r 2 + rT -1-'V r2 b2-a2 l l l 
a a 
(3.8b) 
f3 1 E 1 
b 
a 2 o.-b 2 o 2 
... ... 
.... ~ dr Tl 2 ....... ... (3.8c) rT - + 1-'V b2-a2 1 b 2 -a 2 l a 
s. .E· C r 1 r2-b2 
J f 
·2 2 





rT 2 dr + J rT dr - T r 2 2 2 
b 
+ 
b 2 p -c 2 p b 2 c 2 (p_-n) f o + r ~o (3.Se) 
2 
+ 2 (3.8f) 
Equations (3.7) and (3.8) define the elastic solution 
in. terms of arbitrary temperature distributions l'I'; (r, t}, 
i=l, 2. For the case of a constant contact conductilrtce an-




i:1.l:7e determined and (3.8) may be evaluated directly to 
give the transient stresses, a(i) (r,t). 
However, for the case of a pressure dependent contact 
.conductance 
'., . . . , 
J:>e obtained. 
an analytical expression for a(i) (r,t) 
The numerical solution to the thermal 
Ca ...,...,_o·· ... 




in this case results in discrete ternoerature distributions 
... 
at successive time increments. Ea u a t i o :1 s ( 3 . 7 ) and ( 3 • 8 ) ... 
are then applied, utilizing numerical integrations to cal-




·rv It ANALYTICAL SOLUTION (CONSTANT CON":>UCT:'\~,:c?:} 
The analytical method used to solve the thermal pro-blem with a constant conductance is the classic seoaration .. 
of variables technique. Applying this method to the heat 
conduction equation (2.1) results in a general solution of 
·the form4 




E R. {r) 0 . (t) n in i i=l,2 ( 4. la) 
where Ti{r, 00 ) is the steady state solution in cylinder • l. ' E) ;: (t) is the time dependent portion of tl1e trans:.f:=:~.t. te::-.-1 perature solution, and the eigenfunctions, R. (r), arc 1r', • -~~- :·~e space dependent parts of the solution. The quantities .._.,...~ •• 
-""'; ...are constants determined from the initial condition (2.~). The functions appearing in (4.la) have the following form: 
T. {r, 00 ) - A. in r + B. ( 4. lb) 
-1 1. l.. 
-a.S~ t 
e . Ct> 1. in 
( 4. le) 
- e -l.. 
R. (t) = c. Jo(B. r) + D. Ya(B. r) in in in in in (4.ld) 
where a.. is the ther1nal diffusivity, B. are the eigen-1 in 
values, and J 0 and Y0 are zero order Bessel functions. The 
constants C. and D. and the eigenvalues, S. , are deter-in in 1.n mined from the boundary and interface conditions (2.2) and ( 2. 3) • 
• 




Substituting (4.la) into the constant temperature 
boundary conditions (2.2) and the interface relations (2.3) 
leads to the following: 
(4.2a) 
( 4. 2b) 
and 
( 4 . 2c) 
.. 
( 4. 2d) 
It may be noted that the nonhomogeneous parts of equation (2.2) do not appear in the substituted equations {4.2a) and (4.2b). The requirement that the steLldy state solution 
must satisfy the boundary conditions (2.2) 
homogeneous parts in the substitution. 
~ 
.. t cance .... s tne non-
Since equations (4.2) are homogeneous, the constants 
c1n is not zero. Later evaluation of the constants, E, 
1"'1: 
•• from the initial conditions results in the cancellation of 




the following relations are defined: 
C - CN /CD 2n - 2n 2n 
( 4. 3a) 
( 4. 3b) 
( 4 • 3c) 




N C 2n 
CD 
2n 
Substituting (4.3) and (4.4) into (4.2d) yields: 
-
hK1 81n[n~nJl (Blnb) + D~nyl (Slnb)] 
-
-
K2 82nD~n[n~nJ1( 82nb) + D~nY1( 32nb) 
(4. 4) 





• D -o ..... ..; 0. (B 1 b) Ln n 
:: 0 
( 4. 5) 
The absence of heat storage at the interface implies 
that the transient temperature response of both cylinders 
at the interface is equal. That is: 
from which: 
l 
82n = (al/a2) 2 81n (4. 6) 




s2n in terms of the constants Dln' c2n and o2n. 
















For boundary conditions of the first kind, equations 
(4.4) thru (4.8) completely define the eigenfunctio:-,s, 
R. (r), appearing in (4.1). in 
The only remaining unknowns in the thermal solution, 
(4.la), are the steady state temperature 
" r"'I ,, .... Q') 1 . , ) so ut..1..on •. \"'-, , 
and the constants, E. 




temperature solution in cylindrical coordinates is: 
T . ( r , 00 ) = A . in r + B . 
l l. 1 ( 4. 9) 
where, in the case of constant temperature boundary condi-
tions, the constants appearing in (4.9) are given by: 
T -T 
A C a 
(4.10a) 
-
-l Kl K2 C b + in 
- + in 
-bh Kl b a 
• 
B. = T - Aina 
1 a 1 (4.10b) 
=KA /K 
l l 2 (4.10c) 
B = T - A inc 
2 C 2 ( 4. 1 Od) 
The constants, E, are determined from the initial conditions, n 
(2.4), using the principle of quasi-orthogonil:ity 
to C. W. Tittle [10]. Examples, illustrct t.i:-&c; t:l~e 
method are provided by references (11] and [12]. u !. . i • {"'• 
-· "'-• --a_..,. 
discontinuity in the thermal properties at the intc:::";1 ·,,, 




i:;:he composite region with respect to the usual weighting 
functions. The quasi-orthogonal theorem provides additional 
we±ghting factors which restore orthogonality, perndtting 
an orthogonal expansion of the eigenfunctions over the com-
posite region to evaluate the constants E. The result of 
n 
the expansion, as given by Tittle, is: 
E~-








W. F. {r)R. (r)w (r)dr 
i i in 
• • region 1. 
w~ JR~ (r}w(r)dr i in 
• • region i 
(4.11) 
Where mis the number of regions in the assembly, which in 
this case is two. The discontinuous weighting functions, 
W. , are: 
1. 
W . = K . /a . i = 1 , 2 l. J_ J_ 
For the case of non homogeneous boundary conditions, the 
function F. (r) is: 
l. 
The standard weighting function, w(r), in cylindrical coor-
dinates is simply: 
• 
w (r) = r 










( 4. 12 ) 
Using the Bessel relations (9.lb) and (9.le) from the ap-






J.(S1 r) + Dl Y.(8 1 r) J n n J n (4. l)b) 










c 2 J. (8 2 r) + o2 Y. (B 2 r) n J n n J n (4.15b) 
Expanding the first ter1n in the denominator of (4 .12) 
and integrating with the use of (9.lc) and (9.ld) . g l. \f(! s : 
- a 2 J 2 (S a) + J 2 CS a~ 0 ln 1 ln J 
K1Dfn 2 




















( 8 lna) + Z 2 ( S a) I 1 ln 11 
-' 
Similarly, the second term in the demoninator reduces to: 
-







G (B _b~ l 2j. J 
(4.19) 
-






Thus, the complete set of equations constituting the 
analytical temperature solution for boundary conditions of 
the first kind are: (4.1), (4.4), (4.5), (4.6), (4. 7), 
(4.8), (4.9), (4.10), and (4.20). The interface pressure 
and stress distributions may be obtained f~o~ equations 
(3.7) and (3.8) where the integrals invo:vi~g 
ture distribution can be evaluated from (4. la) ter:7. term. 





























rT 1 dr = 
a 
+ 




















-~ ~ t E e n 
n 
r 2 inr - a 2 tna + 






2 ' 2 b2 C -
bG (S b)l 
l 2n J 
(4.21b) 
(4.21c) 
The completed analytical solution was programmed in 
WORTRAN IV and computations were performed 
a.t Lehigh University. 
6~00 
The determination of the eigenvalues from equations 
(4.5) and (4.6) is accomplished by the half inter-vzil ::-,cthod. 
In this method, an initial value of s1 n is selected and ~he 
Su.bsequen tly, value of the function in (4.5) is comnuted. ... 
B1n is successively incremented by a quantity 6S, ... . 
ana tne 
new values of the function (4.5) are observed for a change 
-27~ 
.. 
in algebraic sign. When this occurs, a root of (4.5) has 
been determined within an interval of size I :,....·, i ... 
"'-' ,-) . This inter-
val is successively halved until the desired accuracy is 
obtained according to: 
£ = (4.22) 
where k is the number of halving operations, and £-is the 
interval of uncertainty . 
. ·.-
-28-
V. NU}1ERICAL SOLC7ION 
(Pressure Dependent Conductance) 
The numerical method of solving the transient heat 
Cbnduction problem approximates the governing . . .... f-""1 -.I .... - ~,. .. _-. "-- o11 • C .... '* '". ,.,.,_,._ ~ 
e:"quations (2.1) by explicit finite difference eq·w.c1;.::.ons. 
·This for1nulation leads to temperature calculations at dis-
crete values of time and radial location. The time variable 
t, takes on discrete values denoted by t., where: J 
and for j = O, t 0 is zero. 
are divided into (N-1) and 
The inner and outer 
(M-1) equally 
which define N and M radial locations in 
(5 .1) 
cylinders. These radial locations, or radial grid points, 










= rl[l . + t:.r ( 2 ) 
n=l,2,3,••• N 
rn=l,2,3,••• M 
The bracketed scripts (1) and (2) refer to the 
outer cylinders respectively. It may be noted 
(5. 2a) 
( 5. 2b) 
. 
~ inner ana 
,i,- • ' 
~nat 
-
I .. ) \ .l ' 
.... 1 
.... 
and rJ1 ) are the inner and outer radii of the inner cyl~nder 
and <2 ) and rM(2 ) are the 1.·nner and outer ~· · - t· • 
r 1 raaii ot ne ou~er 
cylinder. 
-29-
With these definitions, the explicit finite difference 
formulation of (2.1) is given by: 
T (1) 






















T(l) . - T(l) . 
n+l,J n-1,J 
2~r{l) 





L\r ( 2 ) 
T(2} . - T(2) . 
26r( 2 ) 
J 
where T(l~ is the temperature in the inner cylinder 
n' J 
radius r(l) and time t .. 
n J 
outer cylinder. Equation (5.3) may be .  
..,..- ·"':) -:--~ ~-- "',-- • ··, --· :' - .. .---• t 
........ e c.. ... ,,.,_ ......... (.~ .. .,. l... .f ...._ • 






2 1 + 1 -
( 5. 3a) 
(5. 3b) 
at 





l 1 . n+ ,J 
.\ r ... 
U I ., ' 


















/1r (2 ) 
• T (2) 
m,j + 
llr ( 2 ) 





6r( 2 ) 
·c 2 ) 2r 
m 
2a?6t \ 
+ 1 ... . -
'"' ... I _. ....... u..._ ,.., . ( L J 
m {2) 
I 
.. l .. Ir1- . I J (5.4b) 
Equations (4.5) constitute the algorithm used to calculate 
the temperature distribution at successive time leve:s, 
starting from the known distribution at t 0 '2.4). .... .... ,; s J.. '- J.. 
I 1 ) 
~Vident from (5.4a) that the calculation of T,' ..... ". (the 
.J... ' .., .,.. .J... 
..) 
temperature at the inner radius of the inner C\':inder) 
... re-
quires a value for the "dummy" temperature ·-:c\ ... ~. This value 
, I J 
is provided by the boundary condit:ior.s at the inner radius 
O·. ·f th mbl (l) e asse y, r 1 . Considering boundary concitio~s of 
the first kind in which: 
(1) 
Tl,j+l = T (1) = l,j T , a for all j 





/1r ( 1) 









SirnilarJ.y, calculation of the temperature at the outer 
d i f h 1· d (2 ) . ra ius o t e outer cy in er, T, •.. 1 involves the 
( 2) 
temperature TM+l,j" 
.... •1, J ;-
'T',._ r(2} 




TM ·+1 ,J 
= T(2~ = 
M,J T C for all j 
whi-ch when substituted into (5. 4b) gives: 
{2) 
TM+l ,j -·-
2T -C 1 -
1 + 
6r ( 2) 
2r,~ 2 ) 
.i.'l 
6r ( 2) 
2 ( 2) r,., 
l".l 
rn ( 2) 
J.. './, 1 . 
.. 1- I] 
(5. 7) 
cs. 8) 
There are two more "dummy 11 temperatures required. to 
.• J ,. ,complete the algorithm. Th m(l) ese are ..1.N'l . I ,. ) ~ -.. , ' .... . . . ana . . . ,.., . - -' l.. i'\ ..:. •• , • • .... L.- ' i ! '..,.. 
... 
., I j 
u ' _; are used to calculate the interface 
and T1~~+i· The two interface requirements, (2.3), when 
written in finite difference form become: 
(1) (1) 
TN+l . - TN-1 . ,J ,J 
2Zir(l) 
T(l) . - T(l) . 
N+l., J N-1, J 




- T . 
N' J 










_2h~r (2 ) =·-_.....__ 
K2 
... 
T(2) - T(l) 
l,j N,j + T(l) . N-1,J 








Thus, for boundary conditions of the first kind, equa-
tions (5.4), (5.6), (5.8), and (5.10) specify the radial 
temperature distribution at time t . 1 ]+ ..... 
. . . ~ 1.n terms o .. .. . .. ~ 
"'"ne x.nown 
distribution at time t., and the value of the interface J 
conductance, h. 
At any time, the temperature distribution deter.;.ines 
the interface pressure according to (3.7). 
of the interface conductance is available from the 
cal pressure-conductance relation. 
( 
The integrations required in the calculation of the 
... 
interface pressure by (3. 7) are carried out ntunerically. 
The function rT(r,t) is approximated over the two intervals 
between three successive grid points by a 
poly-
nomial. The Newton-Cotes closed integration formu:a 5 is 













r 1. +lT1. +l, J. + 4r1. T1. , J. + r. 1T. ~ . l.- .l-J.. I J 
Sr. 1T. l . + Sr.T .. J.- 1- ,J 1 l.,J 
( 5 ... .. ' • 1 J.. a J 
- r. lT. , ·l l.+ l.+ ... ,J .. 
(5 .. ~. '.; • J.. ..... :.:) ) 
the value of the integral from ri to ri+l may also be ob-
tained from the difference of (5.lla) and (5.llb). 
Equations 
·5 .. 






r _( l ) , i = 1 , 2 , 3 • • • N 
l 
to give the necessary integrals. 
across all the intervals 
~ ( 2) 
anc r. , j = 1,2,3··· M 
J 
The accuracy and convergence of the finite difference 
a:::Lgorithm depends upon the magnitude of the step sizes, 6t 
a·nd 6 r (k) . The overall truncation error of ( 5. 4) is 
. 2 
O[(l:lt)+(tir(k)) ]. The basic algorithm, (5.4), is stable 
provided the coefficients on the right hand side are all 
positive. This condition is satisfied if: 
nr (i) 






< 1 I . 1 2 1 = , (5.12) 
Further restrictions on the choice of stepsizes are provided 
by the interface relations. Substituting (5.10) into (S.,) 
• gives: 






L\r ( 1) 
~r(l) 
2 (1) rN 
T(l) + 
N-1,j 1 -





2a1 tit \ 
" 2 ) 
ur(l) 






flr ( 1 , ' 
..... ) i 
t ... ": I 
2r ~ ... J J 
l -
"" ( l ) 









2 (2) rl 
T (2 ~ + 
l,J 1 -
flr (2 ) 
-
2r <2 ) 
, 
..... 
( 5. l 3b) 
from which it is clear that the following conditions must 
. 
also be satisfied for stability: 
and 
2 
'1r ( 1) 




2 ( 1) rN 
< 1 
1 - b.r ( 2) l 
2r~ 2 ) j < 1 
(5.14a) 
(5.14b) 
The complete set of equations for the numerical solu-
t·ion was programmed in FORTRAN IV, and com~utations were ... 





The transient temperature and stress distributions in 
the composite assembly are functions o: ;_:_;:~; ~~a tc rial used, 
the dimensions of the assembly, the Villu,:: D'.: t:hc inte:::-face 
conductance, and the magnitude 
in the absence of interference 
,... .. . -0 
- .... n• e Dr ........ , ·.·· -.- " .. " .. - .·· --... ~ .. -.-..... -.. '· ..... ·. ~ .... ·e S .J... L. . . •  \' '. .. ,,,·- •• ' •.. -
"J '-" • • . .I, "'"' ...... • ._ ~ J ••• , _.,, ..__, - '---• ,;.,... ""' ._ I 
_.. to-
·pressures. The complete set of variables involvec: i:-. t:h,e 
p~oblefu consists of the independent variables: 





- .c. )! 
·- l ' l , 
r, and t; 
and. the dependent variables: 
T ( r, t) , T ( r, t) a ~ ( r, t) a,nd 
l 2 • 
u~(r,t) where each of the last two quantities represents 
three components of stress. A parameter study is facilita-
ted, and the results generalized by the introduction of the 
following dimensionless groups: 
a2 82 Material Property Ratios: 
' B a1 
1 
th 
c-b ·Thickness Ratio: 2 -
-
. 
th1 - b-a 
Assembly Thickness Ratio: th_ c-a 
-











E2 K V 
2 2 (6 .1) 










Dimensionless Temperature: T(r,t) : T(r,t)/(Ta-Tc) (6.7) 
-36-
.. 
Furthermore, because of the usefulness of the octa-
hedral shear stress, T0 , in failure ?redictions based upon 
,r the distortion energy failure theor:/ 0 , ti1c ~o.l.lowir,g dirrien-









" 0 (6. 8) 
Thus, when the material combination is specified, the 
transient temperature and stress distributions arc :u~ctions 
of three independent parameters: 
(hb/K ) • 
l 
I 
6.1 CONSTANT CONTACT CONDUCTANCE 
Various cases covering a range of the four independent 
· __ J;?arameters are considered in this study, a su.rr~ary of which 
appears in Table 1. The results for t11esc c<1st:s orovide some ... 
insight into the thermal and elastic be~:~v~ors o~ ~he assem-
bly, and the influence of the . ~ .. 1.naepenaerAt 
6 The octahedral shear stress is defined in term.s of the three principal stresses by: 
1 
1'.:0.· = 3 
and according to the distortion energy failure theory, failure occurs when: 
where cre is the yield point of the material. 
-37-
.. 
Figures 1 and 2 present the general form of the tran-
. 
Sient and steady state temperature and stress (T 0 ) distri-butions in a steel assembly, a.i.1d co:~\:Jaro t:1ern to those 
-obtained assuming perfect therrrlal con tact. 
The influence of the magnitude of the contact ... conauc-
d~:stributions is presented in Figures 3 and 4. 
and 6 illustrate the transient response of tr,e inter:ace 
temperature difference and interface stresses as a function 
of conductance. 
The significance of interface location (thickness 
ratio, th 2 /th 1 ) on the transient behavior of tl1c assembly 
is brought out in Figures 7 thru 10. 
present interface temperature difference a:1d st.r-c::~;:;c::; Z1S a . 
:£unction of conductance in an assembly with a tl1ic:,r,css 
:ra·tio of 5 • o • 
The transient interface temperature difference and 
interface stresses are given as a function of the overall 
thickness ratio (th/a) in Figures 14 and 15. 
The effect of different material • • • como1.nat.1ons in the 
,composite assembly is investigated in FigGrc~s ::.G t.~~:=-:::" 
The results in Figures 16 thru 21 are obtai~ed f~o~ a steel 
on aluminum conbination and those in Figures 22 thru 25 
from an aluminum on steel combination. 
-38-
6.2 PRESSURE DEPENDENT CONTACT CONDUCTANCE 
Figures 27 thru 32 illustrate thermal and elastic 
responses due to a pressure dependent contact conductance 
in a steel assembly, 
and comoare them to those obtained .I. 
using various values of constant 
The errroiri-
.. 
cal pressure-conductance relation used in this case a;?pears 
in Figure 2b, reproduced from reference [7]. 
6.3 TABULATED ANALYTICAL SOLUTIONS 
Tables 2 thru 28, together with equation (4.1) define 
thermal solutions for a range of the indeoendent oararneters: 
• • 
th/a, th 2 /th 1 , and (hb/K 1 ) in composite assemblies made of 
the same material. For the case of ide~tical materials in 




only one is tabulated. The last two digits in ' ., t .. 
- '"" f• ·- :.. t"·~. • • i a.· -
.._, • ....: \...C.,.uu.., .. 
ted values specify the location of the decimal point. For 
,exarnple, -6.8870-1 reads -.68870. 
The solutions for two assemblies of different compo-






The effect of a finite thermal conductance on the tem-
·perature and stress distributions is revealed i:"'~ r----:.:;'.,_::~<::; l 
and 2. The presence of a finite conductance introd~cc:; 
discont_inuities in both temperature ... .... . ' ~ . . -ana stress cLstr:b~t1ons 
at the ~nterfade. The magnitude of these discontinuities 
""---is i'n..itially zero (uniform initial conditions are assurr.ed) 
a_nd increases with time. Th "' . -, ... "'- .. ~ e raaia~ ~em~era~ure gradients 
fo~ the finite conductance case are 
:t-he ·infinite conductance case, 
... 
S ,.... ... ".:1 , 1 cl r HiU.J.......i....L'. 
heat flux in the former case. At stead,/ 
.... 
... . . 




experience an increase in the stress . 15- .. , .-....... 
.._ .-i.C level for:-
finite conductance, while at small times . . tr,e . inner 
stre~$es are smaller for finite conductance. I .. .:. s - 0 •. ~-. ,--'t c... J.. • • l,... t~ \.• 
that, for perfect thermal contact, the largest steady state 
stress in the inner cylinder occurs at its inner radius, 
while in the outer cylinder it occurs at the outer radius. 
The peak transient stress, which is the largest stress ex-
perienced by the assembly for both f ir1.i te and inf i:ii te con-
ductances, occurs at the inner radius of 
inunediately after the temperature at the 
raised. 
" 
Fi-gures 3 and 4 confir1u the expectation that decreasing 
the interface conductance increases the magnitude of ~~e 




Once again, the effects are most noticeable at steady state. 
It is noted the steady state stress level in both cvlinders .. 
is substantially increased for decrcasi~g co~d~ctance. As 
.. . t. :·-~e 
the value of conductance is decreased ~l1c 
maximum steady state stress in the outer 
from the outer radius to the inner radiLls. 
some critical value of decreasing conductance, . . ,, ...... _...,. "oca-i.... it j ...;;;. 
.... 
-·tion of the maximum steady state stress in the asse:rbl::1 
shif·ts· from the inner radius of the inner cylinder to tr,e 
inner radius of the outer cylinder. The peak stress experi-
enced by the assembly remains, as before, located at the 
inner radius of the inner cylinder, occurring after the 
inner surface temperature is raised. 
~he transient interface temperature difference, plotted 
in- Figure 5 exhibits a monotonic approach to steady state 
for all values of conductance shown. From Figure 6 l. t 
be noted that the transient character of the • &. 1.nter.i...ace stress 
in the inner cylinder is not monoto~ic, but that in each 
case shown the shear stress . increase:s across 
from inner to outer cylinder. 
decreases with conductance. 
the ..; "'°\ ... e· ..,,.. eace ..L•i\- ... .. .. 
. 
. increase ;;: ...... OJ... '-ne 
Figures 8 thru 14 point out the effects of interface 
location (thickness ratio, th /th) on the therna: a~d 2 1 ~ ,.. . .. s· -•,,;__ *- "''* .. 
tic behavior of the assembly. . 1.s seen it From Figure 8 
increasing the thickness ratio increases steady state 
-41-
.... 
stresses in the inner cylinder, and reduces them in the 
outer cylinder. For a thickness ratio of 2.0 ~~:is ~hcno-.. 
menom causes a decrease in stress across the 
while for thickness ratios less than 1.0 . , .. ~ ..... 
...... !II II 
cr·eas-es across the interface. m.L·he t' rans1.·e-n-'-· s~~-~-'- .... l.:.! ,;.';.) ~-:) 
in the same figure exhibit with no consistent trend. 
The interface temperature difference, plotted in Fig-
·ure 9, approaches steady state monotonically for values of 
th 2 /th 1 less than 1.0, but exhibits an overshoot 
steady state value for th 2 /th 1 greater than 1.0. 
& •. O ... lt.S 
Ti1.i s 
overshoot phenomenon has been obse:c\rcd e:{0crimentall~l and 
analytically by H. A. Blum [5] in his st~d~.1 o~ co~:)osite 
. 
slabs. The overshoot is reported to 
of the overshoot increases with increasing conducta~cc. 
F·o·r the present case involving identical materials in both 
.regions, overshoot is expected to occur whenever the thick-
ness ratio, th /th, is greater than one. 2 l This is confirmed 
by the results in Figure 9 and also Figure 11, . in-t . .... ~ wnere 1...ne 
fluence of conductance on the magni tt.1de of tr.e overshoot is 
shown for a value of th 2 /th 1 = 5.0. 
valving dissimilar materials in the 
the validity of these generalizations. 
The effect of the overall thickness ratio on the trans-
i,e:nt. interface temperature difference and stresses is 
-42-
.• presented in Figures 14 and 15, The inter!ace tcrnnerature ... 
difference approaches steady state monoto~~ca::y - . ~ . \. = .,,,.,.,.v, 
• 
,.-
and the stresses at the interface increase .,.. ~ ~.. ....... ... ....... ...,,..,, . ., .. , ._... .... .-..,,~ 
......... l,) ·~- ~ •••• \';c:"> ,-.._ '~ -~:,) 
:outer cylinde~ .. The radl. a 1 plot· s are om·· .;. ...... "j r:: ·~ "" •· ~~. : (;· l,..L\..Ll:!'--4 ....... 'l,-•• ... ~J . ""'.: ~' --....... 
stance, because the nondimensional abscissa {r-a/c-a) 
changes as the ratio th/a is changed, giving rise to an 
ambiguous comparison. 
Figures 16 thru 21 present results obtained using a 
S.teel on aluminum assembly. Figures 16 and 19 demonstrate 
th:e· .occurrence of overshoot in the intcrf ace temoerature 
'"' di£ference for values of T equal to 2.6 
noted from Figures 18 and 20 that for 
.1.~o. the steady state interface stress 
ar. c1 5 . 2 .. - " . .lt .lS 
ratio of 
to outer clyinder, while for a thickness ratio o:: 2. 0 t:;e 
opposite behavior is observed. A comparison of .. . .. . . ~ \...ne st.eaay 
state radial stress distributions .c ._• ._ 1 ..1..or '--ne s 1....ee · on alum,inum 
and steel on steel assemblies is made in Figure 21. The 
expected higher stress levels in the steel on allL'"llinurn as-
sembly are confirmed. 
Figures 22 thru 25 give results obtained using an alu-
minum. on steel combination. 
mono:n i.s observed for values of T greater than 1. 0. 
·steady state stress distributions for the alu.minuin 0:1. 
and the steel on steel assemblies are compared in Figu=e 25. 
The expected lower stresses in the aluminum on steel combina-
tion are again confirmed. 
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.. It may be observed from previous figures (8, 17, 20) 
. 
t:hat the interface stress increased from the 1.nner to outer 
cylinder for thickness ratios less than or equal to 1.0, 
and decreased for thickness ratios greater than 1.0. An 
exception to this observation 
,£or a Biot number of 10. 0 and 
. 
. .......... . is seen in ~ig~re 24 where, 
' . ... 
. ,.. ,. ,... . tnicKncss rat~o o: ~.u, tne 
steady state stress at the interface decreases fro~ outer 
to inner cylinder. 
·Figures 27 thru 32 present results obtained . using 
pre.s.sure conductance relation given . in reference 
reprdduced in Figure 26. 
.. 
This experimentally deterr:,ir.ed 
curve, obtained for a concentric steel c 1rlinder asse:nbly, 
is typical of those found by other researches for different 
geometries [ 1, 6] , exhibiting an e ;.~=,o:1en ti a 1 increase in 
conductance with increasing pressure. 
The use of a specific pressure-conductance relation 
,eliminates the Biot number as an indeoenclc:r .. t 
"' 
t·he system, but introduces a new parameter: 
In order to cover a wide range of pressure-conductance 
values (Biot numbers) the value of B 1 (Ta-Tc) was selected 
as 0.002. The range of Biot number resulting from the nu-
merical solution is 0.267 to 5.92 corresponding to a ra.nge 
in conductance of 100 to 2208 (Btu/hrft 2 °F), (Figure 27). 
A comparison of the radial temperature ar.d stress dis-
tributions obtained for the variable 
-44-
obtained for two values of constant conductance is made in 
Figures 29 and 30. Figure 28 prese~ts the error in the 
interface temperature difference as a fc.r-.c::io:1 of tirr.e for 
the two assumed values of constant co~duc~~~cc. ....... .. t d J.t 1s no e 
t:hat the best approximation is obtai:1.2d l,,/}:c~::. the 
th~ constant conductance is approximately .... ~. . .... .;--- -~-
,.._ U '·~• i> 1' 1.c: 
value of conductance reached in the oresslj,re clc:)e::--:.c:(::~.:: ... 
The final value of conductance reached in the nrcss~~c 
. 
... 
pendent transient analysis may be ._ __ .... - ......... ~ .... .... . d  a pp r o x .J.. rri a "- e \•, .1. \,,. .... o ..... .... 
actu.a.lly perfor1ning the transient analysis. The steady 
:-st.-q:te temperature distribution is given in terms of the 
interface conductance, h, by relatio~s (4.9) and (4.10). 
. Furthermore, this temperature distribution determir11es a.n 
interface pressure according to (3.7). ml ~.n· ', c- ..:: .::: ... • ~o O.,... t- ·n r·ee ' u ..::> ..4.. .I.. i.... ••• 
-
-
1 f d h ., ~ 
- . 
va ues o con uctance are c o sen ana tne co1.:-rc: ~;; :)ot:t~ .:. :".. ~:: : .. n-
·terfac~ pressures are calculated, a pressure 
curve may be constructed with these values. 
~ 
s~btion. of this curve with the empirical pressure-conduc 
tance. curve establishes the actual steady state conducta.nce. 
The transient temperature responses at the interface 
for the inner and outer cylinders are prese~~ed in Figures 
31 and 32. An interesting observation in Fisure 32 is the 
f,act that the interface temperature in the case o: .. 
dependent conductance approaches steady state ~ore ....- :--:.. ·--: ... ,,,~·· 4 .. t" ,...., l ·" l _,; ~+, \ .... ----, ' . .. 
than it does for the cases of constant finite 
conductance. The response of the entire assembly, however, 
-45-
.. 
is controlled by the slower responding outer cylinder, and 
it is observed, as expected, in Figure 31. that an infinite 









Tlle foregoing results reflect the complexity of the 
th·erma:l conductance-transient stress problem. The lack of 
consi~tency observed in the behavior of the transient stress 
distributions as a function of the various inde:,endent oara-• • 
meters limits broad generalizations. 
results may be noted: 
However, the following 
1. For boundary conditions of the first kind with out-
ward radial heat flow the maximum transient oct:.~1::(·: 1'"':::;1::._ ~.;::car 
stress in the assembly occurs at the inner sur::z1c:c .~.:-:,.:-:-.-:~i.:::.-
~tely after the inner surface temperature . . . 1.s ra.1.sca. ?his 
result is independent of the magnitude of the interface 
conductance . 
2. For perfect thermal contact, and large values of 
finite conductance, the maximum steady state stress in the 
assembly occurs at the inner radius, and t:~c :-r.a:·~ih4ur:a steady 
state stress in the outer cylinder occurs 
radius. For small values of conductance, 
in the assembly occurs at the inner radius of the ou~er 
cy·linder. 
3. For given assembly dimensions (th/a), the location 
. of the interface {th 2 /th 1 ) significantly affects the steady 
state stress distributions in the cylinders. In general, 
increasing the thickness ratio (th 2 /th 1 ) decreases the 
-47-
• 
stresses in the outer cylinder, and increases them in the 
inner cylinder. 
4. The steady state stresses for a steel on alurnir,um 
assembly are higher than those for 
Conversely, the stresses for an aluminum on steel. asst-::::-:·.;_):, 1, 
are l:ower than those for a steel on steel assembly. 
copclusions are independent of the magnitude of the inter-
fac~ conductance. 
5. For values of [/(a/a
2 ) (th 2 /th 1 )] greater than 1.0 
the interface temperature difference overs:1oots its steady 
state value. The magnitude of the 
increasing interface conductance. arc 
. 
~co.nsistent with those reported in conductance studies 'J.Sl.ng 
composite slabs [ 5] • 
• 
6. For the type of boundary conditions studied, the 
transient temperature and stress 
the case of a pressure dependent 
~ . . .. 
.. 
. a1str1outions occurring 
·~ 




r.e·asonably approximated by an analysis ass\_:~ .. :n~; a cc):--.1-;t.a:",t 
interface conductance. The value of 
giving the best approximation is the ,... . ..,. . . ... r l.na ' va " · ~.e. - -- ·· .... ,. ··· · ·· J. ..J... ... u ' ..... L! ~.J, \.... • • c: ;,,_,. . ~n 
the pressure dependent case. This value can be obtai~cd bv 
.. 






The implication of these results is the necessity of 
having accurate empirical conductance data, and including 
this information in the design analysis of concentric com-
posite cylinder assemblies. 
face conductance has been shown to arcc1t1,, 
..I .... 
magnitude of the stresses in the assembly, 
of high stress regions . 
• 
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A~ USEFUL BESSEL RELATIONS 
The following relations are used in the analytical 
.s::o.lutio:n : 
. .. . .... 
d 
dx 
J xJ~(x)dx = ; 2 2 2 Jo(x} + Jl (x) + C 
. ( 9. la) 
( 9. lb) 
• 
(9.lc) 
J 0 (x)Y0 (x) + J 1 (x)Y1 (x) + c 
(9.ld) 
( 9. le) 
B. MODIFICATIONS IN ANALYTICAL SOLUTION FOR ADDITIONAL ·.-.. . . 
BOUNDARY CONDITIONS 
1. Convective Environment at both Surfaces: 
The fluid temperature at r = 








J. - ana re 
the con-
• n_ are re 
defined similarly at r = c. The boundary condtions become: 
K aT (r,t) 
1 





ar = hfc Tfc-T2 (r,t) 
:Th·e $.·teady state constants are: 
Al= K K 
l 1 C r, b ~ + in-+ ~n- + K bh K2 b a 1 
KA 
B.- 11 Ai T l - ahfa - l na + fa 
-KA 
2 2 





r = C 
+ 1 l 
ch_ j re 
(9.2b) 
( 9. 3a) 
(9. 3b) 
( 9. Jc) 
( 9. 3d) 
The constants in the transient solution are given by: 
D = ln 










2. Convective Environment at Inner Surface, Heat 
Input into Outer Surface: 
Tfa and hfa are as previously ., .:· d aeJ...ine .·. The h 




(Btu/ft 2 hr) The values r C l. s qinc· -o Y'" - "'e ........ "- • I, 
steady state constants become: 
cq. 
.A inc ( 9. Sa) -·2 K 
2 
K A K A 
B - l l l l inb + A inb + B ( 9. Sb) - -2 bh K2 1 l 
A: 1 and B 1 are given by {9.3a) and {9.3b). The constants 
in the transient solution are: 
-J 1 (Jf 2n C) 
Yl ~2nc) (9.Sc) 
~nd Dln' c2n' En are given by (9.4a), (4.4) and (4.20), 
·.respectively. 
3. Heat Input at Inner Surface, Convective Environment 
at Outer Surface. 
Tfc and hfc are as previously defined. The heat 

























A and B are given by (9.3c) and (9.3d). The constants in ·2 2 
the transient solution become: 
-Jl (Slna) 
Yl (Blna) (9.6c) 
where o2n' c2n' and En are given by (9.Sc), (4.4) and 
(4.20) respectively. 
C. MODIFICATIONS IN FINITE DIFFERENCE EQUATIONS FOR VARIOUS BOUNDARY CONDITIONS: 
The expressions for T 0(l ~ and T,~2+~ . depend on the type I ] 
~.'"1 ..I.. / ] 
of boundary conditions at the inner and ' ,.. o~~er surraces respec-
tively. Equations (5.6) and (5.8) are V a 1 i· ,.--: o ...... i ", ' .;: 0 .,.- C O ""'' -..... '--4 .......... .... ... 
., .. 
stant temperature boundary conditions. 
expressions for other linear boundary conditio~s arc as follows: 
. heat input, q. , at r = a: 1na 
T(l) 
O,j T(l) 2,j 
convective surface, Tfa' hfa at r = a: 
T (1) 
O,j = T -T(l) fa l,j 
:he:at input, q. at r = c: · ···· inc 
-53-•• 
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Steel on Steel 
th/a-= 1. 0 
th2/th 1- 0. 5 
Pararneter: Bi= (hb/1<1 ) 
--t == .0392 
----steady state 
2. o-- \. 
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cor. s ~a r', t co~.ductances. 
------~-~-===r-----------
TABLE 1 
Summary of Constant Co:-'.c.~:ct.a:1ce Cases Rcoorted 
M . 1 rnb' . 7 ateria Co ination 
·~· INNER OUTER (th/a) 
STEEL STEEL 1.0 1.0 
STEEL STEEL 1.0 1.0 
STEEL STEEL 1.0 1.0 
STEEL STEEL 1.0 1.0 
STEEL STEEL 1.0 0.5 
STEEL STEEL 1.0 2.0 
STEEL STEEL 0.5 1.0 
STEEL STEEL 2.0 1.0 
STEEL STEEL 1.0 5.0 
STEEL STEEL 1.0 5.0 
STEEL STEEL 1.0 5 .. 0 
ALUMINUM STEEL 1.0 1.0 
ALUMINUM STEEL 1 .. 0 1.0 
ALUMINUM "STEEL 1.0 1.0 
ALUMINUM STEEL 1.0 1.0 
STEEL ALUMINUM 1.0 1.0 
STEEL ALUMINUM 1.0 1.0 
STEEL ALUMINUM 1.0 1.0 
STEEL ALUMINUM 1.0 1.31 
STEEL ALUMINUM 1.0 ~ 9-~ . ::, 
7 Constant Material Properties Used: :"!'"':,. 
a.(ft 2 /hr) 8{in/in°F) E(osi) i 
10- 6 ,.. STEEL 0.49 6.4 X 29.Sxl0° 
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Same Material in R•1g ions 
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Table 3 
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- • ..;) /_j-
Sarne Material i:1 Both Regions 
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'ik::_J • ._J, • ... ... .. ____ .I. .'!!lita.: 
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Sarne Material in Both Regions 
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Same Material in Both Regions 
th2/thl = 1. 0 
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5. ( .. , ---. . ...... ,. .• : ' J .._. 
•.,!,~,, -
- 2 • l. L~ / 9 + 0 
-
~ I _, """ - ii"""'\ > 
-.J •. \ ""' . - f""' n a -
1 .-." .. -""" ~ 
-
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Same Material in 30th Regions 
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